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WHEN MUTUALLY SUBISOMORPHIC BAER MODULES ARE
ISOMORPHIC
NAJMEH DEHGHANI AND S. TARIQ RIZVI
Abstract. The Schro¨der-Bernstein Theorem for sets is well known. The ques-
tion of whether two subisomorphic algebraic structures are isomorphic to each
other, is of interest. An R-module M is said to satisfy the Schro¨der-Bernstein
(or SB) property if any pair of direct summands of M are isomorphic provided
that each one is isomorphic to a direct summand of the other. A ring R (with
an involution ⋆) is called a Baer (Baer ⋆-)ring if the right annihilator of every
nonempty subset of R is generated by an idempotent (a projection). It is clear
that every Baer ⋆-ring is a Baer ring. Kaplansky showed that Baer ⋆-rings sat-
isfy the SB property. This motivated us to investigate whether any Baer ring
satisfies the SB property. In this paper we carry out a study of this question
and investigate when two subisomorphic Baer modules are isomorphic. Besides,
we study extending modules which satisfy the SB property. We characterize a
commutative domain R over which any pair of subisomorphic extending modules
are isomorphic.
1. Introduction
The famous Schro¨der-Bernstein Theorem states that any two sets with one to one
maps into each other are isomorphic. The question of whether two subisomorphic
algebraic structures are isomorphic to each other has been of interest to a number
of researchers. Various analogues of the Schro¨der-Bernstein Theorem have been
appeared for categories of associative rings, categories of functors and categories of
R-modules [2], [3], [5], [9], [14], [17], [19], [20], [23],[25], [26] and [27]. Bumby in
1965 [2], showed that any two injective modules which are subisomorphic to each
other are isomorphic. Mu¨ller and Rizvi in 1983 [17], extended Bumby’s result for
the class of continuous modules which are a generalization of injective modules.
Theorem 1.1. [17, Proposition 10] Let M and N be continuous R-modules. If M
and N are subisomorphic to each other, then M ≃ N .
They constructed an example which shows that in the above theorem both N and
K cannot be quasi-continuous. For abelian groups, Kaplansky in 1954 [12, p.12],
posed the following question, also known as Kaplansky’s First Test Problem: “If G
and H are abelian groups such that each one is isomorphic to a direct summand
of the other, are G and H necessarily isomorphic?” Negative answers have been
given to this question by several authors [4], [7] and [22]. Besides Kaplansky in
1968 [13, Theorem 41], showed that every Baer ⋆-ring satisfies this analogue of the
Schro¨der-Bernstein Theorem. Recall that a ring R with an involution ⋆ is called a
Baer ⋆-ring if the right annihilator of every nonempty subset of R is generated by
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a projection e (the idempotent e of the ⋆-ring R is called a projection if e⋆ = e). In
particular he proved the following result:
Theorem 1.2. [13, Theorem 41] Let R be a Baer ⋆-ring and e, f be projections in
R. If eR is isomorphic to a direct summand of fR and fR is isomorphic to a direct
summand of eR then eR is isomorphic to fR.
An R-moduleM is called to satisfy the Schro¨der-Bernstein property (or SB prop-
erty) if any two d-subisomorphic direct summands of M are isomorphic (the R-
modules N and K are called d-subisomorphic to each other whenever N is isomor-
phic to a direct summand of K and K is isomorphic to a direct summand of N).
Modules which satisfy the SB property was introduced and studied in [5]. (For
convenience, we have modified the notation in [5] from “S-B” to “SB”). Moreover
a subclass C of R-modules is called to satisfy the SB property provided that any
pair of members are isomorphic whenever they are d-subisomorphic to each other.
Modules that satisfy the SB property, have been also studied in [9]. By Kaplansky’s
Theorem, every Baer ⋆-ring satisfies the SB property.
Kaplansky in 1968 [13], introduced the notion of Baer ring. Recall that a ring R
is called Baer if the right annihilator of any nonempty subset of R is generated,
as a right ideal, by an idempotent. It is easy to observe that the Baer property
is left and right symmetric. The notion of Baer ring was extended to a general
module theoretic, introducing a Baer module. An R-module M is called Baer if for
all N ≤ M , annS(N) is a direct summand of S where S = EndR(M) [1, Chapter
4]. Clearly R is a Baer ring if RR is Baer. Every nonsingular extending modules is
Baer [1, Theorem 4.1.15].
Now what Kaplansky proved for Baer ⋆-rings (Theorem 1.2), motivated us to ask
“when any pair of subisomorphic or d-subisomorphic Baer modules are isomorphic
to each other”.
In Section 2, first we give some examples to show that subisomorphic Baer mod-
ules are not necessarily isomorphic to each other (Examples 2.2 and 2.3). We note
that in a Baer ⋆-ring R, the set of all projections forms a complete lattice and this
is the main point in the proof of Theorem 1.2. Here, we give an example to show
that for Baer rings this is not the case in general (Example 2.7). Besides, we show
that every Baer (or Rickart) module with only countably many direct summands,
satisfies the SB property (Theorem 2.13). Moreover, we show that duo Baer rings
and reduced Baer rings satisfy the SB property (Theorem 2.9 and Corollary 2.10).
We also investigate rings over which any pair of subisomorphic Baer modules are
isomorphic. For instance, if R is a right nonsingular ring with finite uniform dimen-
sion then any two subisomorphic Baer R-module are isomorphic if and only if R is
a semisimple Artinian ring (Corollary 2.16). Rings over which every Baer module
is injective are precisely semisimple Artinian rings (Theorem 2.17). Moreover, we
investigate when two extending modules which are subisomorphic to each other are
isomorphic. It is proved that the study of the SB property for the class of extending
modules can be reduced to the study of such modules when they are singular and
nonsingular (Theorem 2.18). We characterize commutative domains over which any
pair of subisomorphic (torsion free) extending modules are isomorphic (Proposition
2.24 and Corollary 2.27).
Throughout this paper, rings have nonzero identity unless otherwise stated. All
modules are right and unital. Let M be an R-module. The notations N ⊆ M ,
N ≤ M , N ≤ess M , or N ≤⊕ M mean that N is a subset, a submodule, an
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essential submodule, or a direct summand of M , respectively. EndR(M) is the ring
of R-endomorphisms ofM and E(M) denotes the injective hull ofM . The notations
M (A) andMA mean ⊕i∈AMi and
∏
i∈AMi, respectively, where A is an index set and
each Mi ≃M . The annihilator of an element m ∈M will be denoted by annR(m).
J(R) stands for the Jacobson radical of a ring R. For any n ∈ N, Mn(R) stands
for n × n matrix ring over a ring R. The singular submodule of M is denoted by
Z(M) and the second singular submodule of M is denoted by Z2(M). The cardinal
number of a set X is denoted by |X| and the cardinal number of the set N of natural
numbers is customarily denoted by ℵ◦. For other terminology and results, we refer
the reader to [1], [13] and [16].
2. On Schro¨der-Bernstein property for Baer modules
A ring R with an involution ⋆ is called a Baer ⋆-ring if the right annihilator of
every nonempty subset of R is generated by an idempotent. We remind that an
R-module M is called a Baer module if annS(N) is a direct summand of S where
S = EndR(M) and N ≤ M (or equivalently, for every left ideal I of S, annM(I) is
a direct summand of M). A ring R is called Baer if RR is Baer. In a commutative
domain R, every right ideal is Baer, as a module over R.
By Kaplansky’s Theorem, it is known that every Baer ⋆-ring satisfies the SB prop-
erty. Since Baer ⋆-rings are Baer rings, it is natural to ask whether Baer rings do
satisfy the SB property. So we will be concerned with the question of when any two
Baer modules which are subisomorphic or direct summand subisomorphic to each
other are necessarily isomorphic.
Consider the following conditions on an R-module M :
(C1) Every submodule of M is essential in a direct summand of M .
(C2) Every submodule isomorphic to a direct summand of M is a direct summand.
(C3) The sum of two independent direct summands ofM is again a direct summand.
The module M is called continuous if it has C1 and C2, quasi-continuous if it has
C1 and C3 and extending if it has C1, respectively [16, Chapter 2]. It is well known
that C2 ⇒ C3. The following implications hold:
Injective ⇒ Quasi-injective ⇒ Continuous ⇒ Quasi-continuous ⇒ Extending.
Recall from [1, 1.1.8], that the singular submodule Z(M) of an R-module M is
defined by Z(M) = {m ∈ M | mI = 0 for some essential right ideal I of R} and
the submodule Z2(M) satisfying Z(M/Z(M)) = Z2(M)/Z(M) is called the second
singular submodule of M . The moduleM is called singular (nonsingular) if Z(M) =
M (Z(M) = 0). A ring R is called right nonsingular if it is nonsingular as a right
R-module. An R-module M is called K-nonsingular if for any ϕ ∈ S = EndR(M),
Kerϕ ≤ess M implies ϕ = 0. Every nonsingular module is K-nonsingular. We begin
with a result from [1] for latter uses.
Theorem 2.1. [1, Lemma 4.1.16] Every K-nonsingular extending module is Baer.
In particular, every nonsingular extending module is Baer.
In the following, we give some examples to show that any two subisomorphic Baer
modules are not isomorphic in general.
Example 2.2. Let R be a commutative domain and I be any non principal ideal
of R. Clearly R, I are Baer R-modules and subisomorphic to each other however
R 6≃ I.
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In the following we show that even if N and K are Baer R-modules with the
stronger condition: “N is isomorphic to a submodule of K and K is isomorphic to
a direct summand of N” then N is not isomorphic to K in general.
Example 2.3. Let N = Q(N) ⊕ Z and K = Q(N). Thus the Z-modules N and K
are nonsingular extending [16, p. 19]. Therefore by Theorem 2.1, N and K are
Baer. Moreover, it is clear that K ≤⊕ N and N is isomorphic to a submodule of
K, however, N is not isomorphic to K.
We recall that an R-moduleM is called Rickart if Kerf = annM (f) ≤⊕ M where
f ∈ EndR(M). A ring R is called right (left) Rickart if RR (RR) is Rickart. Clearly
every Baer module is Rickart. For more details see [1, Chapter 3].
We recall that a ring R is called (von-Neumann) regular provided that for each
r ∈ R, r ∈ rRr. It is well known that regular rings R are precisely the ones whose
every principal (finitely generated) right ideals are direct summands. The following
result was shown in [24]:
Theorem 2.4. [24, Theorem 4] Let M be an R-module and S = EndR(M). Then S
is a regular ring if and only if for each ϕ ∈ S, Kerϕ and Imϕ are direct summands
of M .
By the above theorem, any R-module M , with the regular endomorphism ring is
a Rickart module.
Following [16, Chapter 4], an R-module M is said to have D2 property whenever
M/N is isomorphic to a direct summand of M implies that N is a direct summand
of M where N ≤ M . It is well known that every quasi-projective module has D2
property. Moreover, every Rickart module has D2 property [15, Theorem 1.5].
Following [5], an R-module M is said to satisfy the Schro¨der-Bernstein property
(or SB property) if any two d-subisomorphic direct summands of M are isomorphic
(the R-modules N and K are called d-subisomorphic to each other whenever N is
isomorphic to a direct summand of K and K is isomorphic to a direct summand of
N). A ring R is said to satisfy the SB property if RR has the SB property. We note
that the notion of the SB property for rings is right and left symmetric [5, Theorem
2.4 (c)].
In the following lemma, we show that Rickart modulesN andK are d-subisomorphic
to each other if and only if they are epimorphic images of each other.
Lemma 2.5. Let N and K be Rickart modules. Then N and K are d-subisomorphic
to each other if and only if there are R-epimorphisms N → K and K → N .
Proof. We note that every Rickart module has D2 property [15, Theorem 1.5] and
for modules M1 and M2 with D2 property, M1 and M2 are d-subisomorphic to each
other if and only if they are epimorphic images of each other [6, Lemma 2.4]. 
In the next example, we show that two Rickart modules which are d-subisomorphic
to each other are not isomorphic in general.
Example 2.6. Suppose that V is an infinite dimensional vector space over a field
F with S = EndF (V ). Let β = {vi}i∈I be a basis for VF and R := {(f, g) ∈ S × S |
rank(f − g) <∞}. Clearly R is a subring of S×S. We note that R is a regular ring
and so by Theorem 2.4, RR is Rickart. There exist idempotents e and g in R such
that eR and gR are d-subisomorphic to each other however eR is not isomorphic to
gR (see [5, Example 2.2] for more details). Since every direct summand of a Rickart
module has the property [1, Proposition 4.5.4], eR and gR are Rickart R-module.
Therefore the Rickart module RR does not satisfy the SB property.
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Regarding examples 2.2, 2.3, 2.6, and Theorem 1.2 about Baer ⋆-rings, it is natural
to ask the question: “does any Baer module satisfy the SB property?”
It is clear that any Baer module satisfies the SB property if and only if any pair
of Baer modules which are d-subisomorphic to each other are isomorphic. In order
to answer this question, we note that the main point in the proof of Theorem 1.2,
is that the set of all projections in a Baer ⋆-ring forms a complete lattice under
“ ≤ ” (if e, f are idempotents in a ring R, we write e ≤ f in case ef = fe = e, i.e.,
e ∈ fRf). While in a Baer ring, the set of all right ideals generated by idempotents
forms a complete lattice [1, Theorem 3.1.23]. In the next example we show that the
set of all idempotents in a Baer ring is not a complete lattice in general.
Example 2.7. Suppose that R = M3(Z) is the 3 × 3 matrix ring over Z. Then
R is a Baer ring [1, Theorem 6.1.4]. Let ex =


1 0 x
0 0 0
0 0 0

 where x ∈ Z. Clearly
each ex is an idempotent in R. We show that the set E = {ex | x ∈ Z} has no
supremum in the lattice of all idempotents in R. To see this, let Sup(E) = f where
f =


a1 b1 c1
a2 b2 c2
a3 b3 c3

 be an idempotent in R. Thus ex ≤ f for every x ∈ Z and
so fex = exf = ex. This shows that a1 = c3 = 1, b1 = c1 = a2 = a3 = b3 = 0
and f =


1 0 0
0 b2 c2
0 0 1

. Since f2 = f , b22 = b2 and b2c2 + c2 = c2. Therefore
either b2 = 0 or b2 = 1. If b2 = 1 then c2 = 0. Thus either f =


1 0 0
0 0 c2
0 0 1

 or
f =


1 0 0
0 1 0
0 0 1

. Let f1 :=


1 0 0
0 1 0
0 0 1

 and f2 :=


1 0 0
0 0 c2
0 0 1

. Suppose that
f = f2. In this case, let g =


1 0 0
0 0 α
0 0 1

 where c2 6= α ∈ Z. Clearly for every
x ∈ Z, ex ≤ g. Thus f2 ≤ g and then c2 = α, a contradiction. Otherwise, f = f1.
Since for every x ∈ Z, ex ≤ f2, we have f1 ≤ f2, a contradiction. Thus E has no
supremum between the set of all idempotents in R. Hence the set of all idempotents
of R is not a complete lattice.
By the following result from [5], any module with idempotents in its endomor-
phism ring forming a complete lattice has the SB property.
Theorem 2.8. [5, Theorem 2.23] Let M be an R-module and S = EndR(M). If the
set of all idempotents in S is a complete lattice with respect to the ordering e ≤ f
then M satisfies the SB property.
In what follows, we show that under some certain conditions, any Baer module
satisfies the SB property.
Theorem 2.9. Let N and K be two Baer R-modules which are d-subisomorphic to
each other. If for all idempotents g, h ∈ EndR(N), gh = 0 implies hg = 0, then
N ≃ K. In particular every reduced Baer ring satisfies the SB property.
Proof. Without loss of generality, we may assume thatK ≤⊕ N and N is isomorphic
to a direct summand of K. By Theorem 2.8, it is enough to show that the set of
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all idempotents in S = EndR(N) forms a complete lattice. Since N is Baer, S
is a Baer ring [1, Theorem 4.2.8]. Therefore the set of all direct summands in
SS forms a complete lattice [1, Theorem 3.1.23]. Now let {ei}i∈I be an arbitrary
family of idempotents in S. Thus there exists an idempotent e ∈ S such that
Sup{eiS}i∈I = eS. Thus each eiS ≤ eS. Hence every ei = eei and so (1− e)ei = 0.
Now by our assumption on S, for all i ∈ I, ei(1 − e) = 0 and so ei ≤ e. Now let
g be an arbitrary idempotent of S such that every ei ≤ g. Hence eiS ≤ gS and
so eS ≤ gS. Thus (1 − g)e = 0 and so e(1 − g) = 0. Thus e ≤ g. Therefore
Sup{ei}i∈I = e. Similarly every family of idempotents in S has an infimum. The
last statement is now clear. 
An R-moduleM is called a duo module if every submodule ofM is fully invariant.
A ring R is called a right (or left) duo ring if RR (or RR) is duo. For more details,
see [18].
Corollary 2.10. Every duo Baer module satisfies the SB property. In particular
every right (or left) duo Baer ring satisfies the SB property.
Proof. Let R be a ring and M be a duo Baer R-module. Suppose that e, f ∈ S =
EndR(M) are idempotents such that ef = 0. By our assumption, e(M) is a fully
invariant submodule of M . Thus f(e(M)) ≤ e(M) and so 0 = efe = fe. An
application of Theorem 2.9 yields the result. The last statement is now clear. 
Corollary 2.11. Every commutative Baer ring satisfies the SB property.
Proof. It follows from Corollary 2.10. 
By the next result from [5], every module with ascending chain condition on its
direct summands satisfies the SB property.
Theorem 2.12. [5, Theorem 2.16] Let M be an R-module with the following con-
dition:
for every descending chain M1 ≥ M2 ≥ ... of direct summands of M , there exists
n ≥ 1 such that Mn ≃Mn+1.
Then M satisfies the SB property. In particular, every module with descending
(ascending) chain condition on direct summands satisfies the SB property.
Theorem 2.13. If M is a Baer R-module with only countably many direct sum-
mands, then M satisfies the SB property.
Proof. Let M be a Baer R-module with only countably many direct summands.
Thus S = EndR(M) is a Baer ring [1, Theorem 4.2.8] and it has only countably
many idempotents. This implies that S has no infinite set of orthogonal idempotents
[1, Theorem 3.1.11]. Therefore M has descending chain condition on its direct
summands and so by Theorem 2.12, M satisfies the SB property. 
In the following some applications of our results are indicated by characterizing
rings over which any pair of subisomorphic Baer modules are isomorphic.
Proposition 2.14. Let R be a ring and any pair of subisomorphic Baer R-modules
are isomorphic. Then every nonsingular extending R-module is injective.
Proof. Suppose that any two subisomorphic Baer R-modules are isomorphic and M
is any nonsingular extending R-module. Let K =E(M)N ⊕M and N = E(M)N.
The R-module N is extending and nonsingular module. By Theorem 2.1, N is a
Baer module. Moreover by [1, Theorem 4.2.18], K is also a Baer module. Clearly
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N is a direct summand of K and K is isomorphic to a submodule of N . Thus by
our assumption, N ≃ K and so M is an injective R-module. 
We recall that an R-moduleM has finite unifrom dimension if there exist uniform
submodules U1, U2, ..., Un of M such that ⊕
n
i=1Ui ≤ess M . It is well known that M
has finite uniform dimension if and only if M does not contain any infinite direct
sums. Clearly every uniform module has finite uniform dimension.
Theorem 2.15. Let R be a ring such that RR has finite uniform dimension. Con-
sider the following conditions:
(a) Any pair of subisomorphic Baer R-modules are isomorphic;
(b) Any pair of Baer R-modules N and K are isomorphic provided that N is iso-
morphic to a submodule of K and K is isomorphic to a direct summand of N ;
(c) R/Z2(R) is a semisimple Artinian ring.
Then (a) ⇒ (b) ⇒ (c).
Proof. (a) ⇒ (b). This is clear.
(b) ⇒ (c). Let I = Z2(RR). Since R has finite uniform dimension and I is a closed
submodule of RR, it is well known that R/I has finite uniform dimension as an R/I
module. In addition, Z((R/I)R) = 0, then R/I is a right nonsingular ring. We also
note that if M is an R/I-module, then M is Baer as R/I-module if and only if it is
Baer as R-module. It is routine to see that the condition (b) holds for R/I-modules.
Thus without loss of generality we may assume that R is a right nonsingular ring.
By our assumption on R, there exist uniform right ideals U1, U2, ..., Un (n ≥ 1) of
R, such that U1 ⊕ U2 ⊕ ... ⊕ Un ≤ess RR. Since each Ui is a nonsingular extending
R-module, by the proof of Proposition 2.14 and the assumption (b), each Ui must be
injective. Hence U1⊕U2⊕...⊕Un is an injective R-module and soR = U1⊕U2⊕...⊕Un
is a right self-injective ring. Therefore Z(RR) = J(R) and R/J(R) is a regular ring
[16, Proposition 3.15]. Since Z(RR) = 0, R is a regular ring. Therefore each Ui is a
simple R-module and so R is a semisimple Artinian ring, as desired. 
Corollary 2.16. Let R be a right nonsingular ring and RR has finite uniform di-
mension. The following conditions are equivalent:
(a) Any pair of subisomorphic Baer R-modules are isomorphic;
(b) Any pair of Baer R-modules N and K are isomorphic provided that N is iso-
morphic to a submodule of K and K is isomorphic to a direct summand of N ;
(c) R is a semisimple Artinian ring.
Proof. It follows from Theorem 2.15 and the fact that any pair of semisimple subi-
somorphic modules are isomorphic. 
We remind that by Bumby’s Theorem, any two subisomorphic injective modules
are isomorphic to each other [2, Theorem]. Therefore if every Baer module is in-
jective then any two subisomorphic Baer modules are isomorphic to each other. So
in the following, we investigate the stronger case: “when every Baer R-module is
injective”.
We recall that a ring R is called a right V-ring if every simple R-module is injective.
Theorem 2.17. Let R be a ring. The following are equivalent:
(a) Every Baer R-module is injective;
(b) R is a semisimple Artinian ring.
Proof. (a) ⇒ (b). First we claim that R is a right Noetherian right V-ring pro-
vided that every semisimple R-module is injective. To see this, assume that every
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semisimple R-module is injective. Clearly R is a right V-ring. It is well known
that a ring R is right Noetherian if and only if any arbitrary direct sum of cocyclic
injective R-modules is injective. We note that cocyclic injective R-modules are pre-
cisely injective envelope of simple R-modules. Let {Ti}i∈I be a family of simple
R-modules. Since R is a right V-ring, ⊕i∈IE(Ti) = ⊕i∈ITi is semisimple and so by
our assumption is an injective R-module. Thus R is right Notherian.
Now suppose that every Baer R-module is injective. Thus every semisimple R-
module is injective and then by the above note, R is a right Noetherian right V-ring.
Therefore R is a semiprime right Goldie ring and so R is right nonsingular. Since
every Baer R-module is injective, then any pair of subisomorphic Baer R-modules
are isomorphic to each other. Now by Corollary 2.16, R is a semisimple Artinian
ring.
(b) ⇒ (a). It is obvious. 
By Theorem 2.1, every extending nonsingular module is Baer. Therefore the
question “when any pair of subisomorphic extending modules are isomorphic to each
other” is natural. In Example 2.3, we found two subisomorphic nonsingular extend-
ing Z-modules N and K which are not isomorphic to each other. While over a
right Noetherian ring R, any mutually d-subisomorphic extending R-modules are
isomorphic to each other [5, Theorem 2.12].
In the next, we show that the study of subisomorphic extending modules leads to the
study of subisomorphic singular extending modules and subisomorphic nonsingular
extending modules.
Theorem 2.18. Any two (d-)subisomorphic extending R-modules are isomorphic
to each other if and only if any pair of (d-)subisomorphic extending singular R-
modules are isomorphic to each other and any pair of (d-)subisomorphic extending
nonsingular R-modules are isomorphic.
Proof. First we note that M is an extending R-module if and only if M = Z2(M)⊕
M1 where Z2(M) and M1 are extending submodules and Z2(M) is M1-injective.
Suppose that any pair of subisomorphic singular extending R-modules are isomor-
phic to each other and it does hold true for the class of nonsingular extending
R-modules. Let X and Y be subisomorphic extending R-modules. Without loss of
generality, we may assume that Y ≤ X and θ : X → Y is an R-monomorphism.
Moreover, X = Z2(X) ⊕ X1 and Y = Z2(Y ) ⊕ Y1 where X1 ≤ X and Y1 ≤ Y . It
is clear that Z2(Y ) ≤ Z2(X) and θ(Z2(X)) ≤ Z2(Y ). Therefore by our assumption,
Z2(X) ≃ Z2(Y ). On the other hand, since Y1 ∩ Z2(X) = 0 and θ(X1) ∩ Z2(Y ) = 0,
then Y1 ≤ X1 and X1 ≃ θ(X1) ≤ Y1. Thus X1and Y1 are nonsingular extending
R-modules which are subisomorphic to each other. Therefore by our assumption
X1 ≃ Y1. Hence X ≃ Y . The converse is clear.
The proof of the case of d-subisomorphism is similar. 
Theorem 2.19. Let R be a ring. The following statements are equivalent:
(a) For any R-module Y and any nonsingular extending (injective) R-module X, if
X and Y are subiomorphic to each other then X ≃ Y ;
(b) Any pair of nonsingular subisomorphic R-modules are isomorphic to each other;
(c) R/Z2(R) is a semisimple Artinian ring.
Proof. First we note that R/Z2(R) is a semisimple Artinian ring if and only if every
nonsingular R-module is injective [5, Theorem 3.5].
(a) ⇒ (c). Let (a) holds true. Suppose that M is any nonsingular R-module and
Y := E(M)N ⊕ M and X := E(M)N. It is clear that X, Y are subisomorphic
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nonsingular R-modules and X is injective (and so extending). Thus by our assump-
tion, X ≃ Y and then M is an injective R-module. Therefore every nonsingular
R-module is injective and so R/Z2(R) is a semisimple Artinian ring.
(c) ⇒ (b). It follows by the above note and Bumby’s Theorem.
(b) ⇒ (a). We note that the class of nonsingular modules is closed under taking
submodules. 
In [5, Theorem 4.7], it has been shown that “over a commutative domain R, any
two subisomorphic uniform R-modules are isomorphic to each other if and only if
R is a PID”. We note that every uniform module is extending. In the following,
we characterize a commutative domain R over which any pair of subisomorphic ex-
tending R-modules are isomorphic to each other. First we include some results from
[10] and [11] that characterize the structure of extending modules over Dedekind
domains.
Let M be an R-module. We recall that M is said to be prime if M is fully
faithful as module over R/annR(M). It is routine to check that the annihilator of
every prime R-module M is a prime ideal. An associated prime of M is any prime
ideal P of R which equals the annihilator of some prime submodule N of M . The
set of all associated primes of M is denoted by Ass(M). For any R-module M ,
Ass(M) 6= ∅ provided that R is right Noetherian. It is well known that over a right
Noetherian ring R, any uniform module has unique associated prime. For more
details see [8, Chapters 3 and 5].
Theorem 2.20. [11, Theorem 18] Let R be a commutative Noetherian ring. An
R-module M is extending if and only if M = ⊕PM(P ) (unique up to isomorphism)
where M(P ) has associated prime P , is extending and is M(Q)-injective for all
Q 6= P .
Theorem 2.21. [11, Corollary 23] Let M be a torsion module over a Dedekind-
domain R. Then M is extending if and only if for each nonzero prime ideal P ,
either M(P ) is injective or M(P ) is a direct sum of copies R/Pn or R/Pn+1 for
some n ∈ N.
Theorem 2.22. [10, Theorem 14] Let M be a torsion free module over a Dedekind
domain R. Then M is extending if and only if M = F ⊕E where E is an injective
R-module and F ≃ ⊕ni=1NIi where N is a proper R-submodule of the quotient field
K and each Ii is a fractional ideal of R.
In the next Theorem, we investigate when over a commutative Noetherian ring
R, two subisomorphic extending R-modules are isomorphic.
Proposition 2.23. Let R be a commutative Noetherian ring. The following state-
ments are equivalent:
(a) Any pair of subisomorphic extending R-modules are isomorphic;
(b) For any prime ideal P of R, any pair of subisomorphic extending R-modules
with associated prime P are isomorphic to each other.
Proof. (a) ⇒ (b). This is clear.
(b) ⇒ (a). Assume that X and Y are subisomorphic extending R-modules and
f : X → Y , g : Y → X are R-monomorphisms. By Theorem 2.20, X and Y
have the decompositions X = ⊕PX(P ) and Y = ⊕PY (P ) where P runs over
all nonzero prime ideals, X(P ) and Y (P ) are extending submodules of X and
Y respectively, with associated primes P . We claim that for any prime ideal P ,
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f(X(P )) ∩ ⊕P 6=QY (Q) = 0. Let L := f(X(P )) ∩ ⊕P 6=QY (Q) 6= 0. Over a right
Noetherian ring R, any nonzero R-module has an associated prime [8, Proposition
3.12]. Therefore ∅ 6= Ass(L) ⊆ Ass(X(P )) = {P}. Thus Ass(L) = {P}. On
the other hand {P} = Ass(L) ⊆ Ass(⊕P 6=QY (Q)) = {Q | Q is a prime ideal of
R and Q 6= P}, a contradiction. Therefore f(X(P )) ∩ ⊕P 6=QY (Q) = 0 and then
f(X(P )) ⊆ Y (P ). Similarly, g(Y (P )) ⊆ X(P ). Thus for any prime ideal P , X(P )
and Y (P ) are extending subisomorphic R-modules with associated primes P . Hence
by our assumption, for any prime ideal P , X(P ) ≃ Y (P ) and so X is isomorphic to
Y . 
Proposition 2.24. let R be a commutative domain. The following are equivalent:
(a) Any pair of subisomorphic extending R-modules are isomorphic.
(b) Any pair of subisomorphic torsion free extending R-modules are isomorphic.
(c) R is a field.
Proof. (a) ⇒ (b) and (c) ⇒ (a) are clear.
(b) ⇒ (c). Since R is a commutative domain, any nonzero ideal of R is uniform
and so extending. Let I be any nonzero ideal of R. Therefore R and I are two
extending torsion free R-modules which are subisomorphic to each other. Hence by
our assumption, R ≃ I. Thus R is a PID. Now let X = QN ⊕R and Y = QN where
Q = Q(R) is the quotient field of R. By Theorem 2.22, X and Y are extending. It
is clear that X and Y are also torsion free R-modules which are subisomorphic to
each other. Therefore by our assumption, X ≃ Y . Thus RR should be injective and
then R = Q is a field. 
In the following example we show that two mutually subisomorphic torsion ex-
tending Z-modules are not isomorphic to each other in general.
Example 2.25. Suppose that X = Zp ⊕ Z
(N)
p2
and Y = Z
(2)
p ⊕ Z
(N)
p2
where p is a
prime number. We note that X and Y are torsion and also by Theorem 2.21, are
extending Z-modules. It is obvious that X and Y are subisomorphic to each other.
However, X is not isomorphic to Y . To see this, it is routine to check that X
has only one simple submodule Zp ⊕ 0 which is not contained in any proper cyclic
submodule, however Y has two simple submodules Zp⊕ 0 and 0⊕Zp which are not
contained in any proper cyclic submodule. Therefore two subisomorphic extending
torsion modules are not necessarily isomorphic to each other even over a PID.
Now, in the next result we investigate when over a commutative principal ideal
ring R, mutually subisomorphic torsion extending R-modules are isomorphic to each
other. We recall that a commutative ring R has zero dimensional whenever every
prime ideal of R is maximal and is denoted by dim(R) = 0.
Theorem 2.26. Let R be a commutative principal ideal ring. If any pair of subi-
somorphic extending torsion R-modules are isomorphic then dim(R) = 0.
Proof. First we prove the case that R is a PID. Assume that R is a PID such that any
pair of subisomorphic extending torsion R-modules are isomorphic to each other. We
show that R is a field. Let Q be any nonzero prime ideal of R, X = R/Q⊕(R/Q2)(N)
and Y = (R/Q)(2) ⊕ (R/Q2)(N). Clearly X and Y are torsion R-modules. Since
R is a PID, then R/Q is isomorphic to a submodule of R/Q2 and so X and Y are
subisomorphic to each other. Moreover, by Theorem 2.21, X and Y are extending
R-modules. Therefore by our assumption X ≃ Y , a contradiction. This proves that
R has no nonzero prime ideal. Hence the zero ideal of R is maximal and so R is a
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field, as desired.
Now we prove the case that R is a principal ideal ring. Let P be any prime ideal
of R and M be any R/P -module. It is routine to see that Z(MR/P ) ⊆ Z(MR).
Therefore if MR/P is torsion then MR is so. Besides, MR is extending if and only if
MR/P is extending. Since R/P is a PID and any pair of subisomorphic extending
torsion R/P -module are isomorphic to each other, by the above note, R/P is a field.
Hence P is a maximal ideal of R. 
Corollary 2.27. Let R be a PID. Then any pair of subisomorphic extending torsion
R-modules are isomorphic if and only if R is a field.
Proof. It follows from Theorem 2.26. 
We present in the following, a result from [5] which will be used in this paper. Let
M be an R-module. A family {Mi}i∈Λ of submodules of M is called a local direct
summand of M , if
∑
i∈ΛMi is direct and
∑
i∈F Mi is a direct summand of M for
every finite subset F ⊆ Λ. Further, if
∑
i∈ΛMi is a direct summand of M , we say
that the local direct summand is a direct summand [16, Definition 2.15].
Theorem 2.28. [5, Theorem 2.10] Let N and K be R-modules which are subiso-
morphic to direct summands of each other. If every local direct summand of N is a
direct summand then N ≃ K.
Let M be an R-module. M is called a dual Baer module if for any R-submodule
N of M , the right ideal D(N) = {f ∈ S | Imf ⊆ N} of S is generated by an
idempotent in S where S = EndR(M) [21]. The module M is called dual Rickart
if for every R-homomorphism f : M → M , Imf is a direct summand of M . It has
been shown that M is dual Baer if and only if it is dual Rickart and the sum of
every family of direct summands of M is a direct summand [15, Theorem 1.7]. In
the following, we show that subisomorphisms between a dual Rickart and a dual
Baer module leads to an isomorphism between them. First we prove the following
basic Lemma which should be compared with Lemma 2.5.
Lemma 2.29. Let N and K be dual Rickart modules. Then N and K are subiso-
morphic to each other if and only if they are d-subisomorphic to each other.
Proof. We note that every dual Rickart module has C2 property [15, Proposition
2.21] and for modules N and K with C2 property the notions of subisomorphism
and d-subisomorphism coincide. 
Proposition 2.30. Let N be a dual Baer R-module and K be a dual Rickart R-
module. If N and K are subisomorphic to each other then N ≃ K.
Proof. Let N be dual Baer, K be dual Rickart and N , K be subisomorphic to each
other. By Lemma 2.29, N and K are d-subisomorphic to each other. Since N is dual
Baer, the sum of every family of direct summands of N is a direct summand [21,
Theorem 2.1]. Therefore if {Ni}i∈I is a family of submodules of N which is a local
direct summand of N then each Ni is a direct summand of N . Thus
∑
i∈I Ni is a
direct summand of N . Hence every local direct summand of N is a direct summand.
Now the result follows from Theorem 2.28. 
The following example shows that the hypothesis of Proposition 2.30, cannot be
weakened any further such as to assume that both N and K are dual Rickart.
Example 2.31. First we note that a ring R is regular if and only if RR is dual
Rickart. Moreover every direct summand of a dual Rickart module is dual Rickart
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[21, Remark 2.2 and Proposition 2.8]. Now let R be the regular ring of Example
2.6. Therein we found two non-isomorphic direct summands eR and gR such that
they are d-subisomorphic to each other, where e and g are idempotents in R. By
the above note, eR and gR are also dual Rickart R-modules.
Here the following natural question arises: “are any pair of dual Baer modules
which are epimorphic images of each other, isomorphic?” We end the paper with
giving an example showing that the answer of this question is negative. The following
example can be also compared with Examples 2.2 and 2.3.
Example 2.32. We show that two dual Baer modules which are epimorphic images
of each other are not isomorphic in general. To see it, first we note that a ring R
is right hereditary right Noetherian if and only if every injective R-module is dual
Baer [21, Theorem 2.3]. Now let X = QN and Y = QN ⊕ Zp∞ where p is a prime
integer number. By the above note X and Y are dual Baer Z-modules. Clearly
there are epimorphisms X → Y and Y → Xwhile X is not isomorphic to Y .
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